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Abstract
A digraph D = (V ,A) is called spherical, if it has an upward embedding on the round sphere which is an embedding of D on
the round sphere so that all edges are monotonic arcs and all point to a ﬁxed direction, say to the north pole. It is easy to see that
[S.M.Hashemi,Digraph embedding,DiscreteMath. 233 (2001) 321–328] for upward embedding, plane and sphere are not equivalent,
which is in contrast with the fact that they are equivalent for undirected graphs. On the other hand, it has been proved that sphericity
testing for digraphs is an NP-complete problem [S.M. Hashemi, A. Kisielewicz, I. Rival, The complexity of upward drawings on
spheres, Order 14 (1998) 327–363]. In this work we study sphericity testing of the single source digraphs. In particular, we shall
present a polynomial time algorithm for sphericity testing of three connected single source digraphs.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A digraph D = (V ,A) is called spherical, if it has an upward embedding on the round sphere S = {(x, y, z):
(x2 + y2 + z2) = 1} which is an embedding of D on the S so that all edges are monotonic arcs and all point to a ﬁxed
direction, say to the north pole.A necessary condition for an acyclic directed graph to be spherical is that its underlying
graph to be planar—it has an embedding on the plane.Although there are some literatures on upward planarity of single
source digraphs [8,7,3], in which there are polynomial-time algorithms for that problem, it has been proved that [5] for
upward embedding, plane and sphere are not equivalent which is in contrast with the fact that they are equivalent for
undirected graphs. So clearly the same methods of proof for upward planarity testing cannot be applied to the sphericity
testing.
In Fig. 1(a) we have presented an upward drawing of a single source digraph on the plane. Fig. 1(b) illustrates an
embedding of its underlying graph on the plane. This digraph has no upward embedding on the plane. However, this
digraph is spherical. An upward embedding of this digraph on the sphere has been illustrated in Fig. 2.
In this paper we shall show that there is a polynomial time algorithm for sphericity testing of three connected single
source digraphs. The remainder of this paper is organized as follows. A combinatorial characterization of spherical
digraphs in terms of critical points is presented in Section 2. In Section 3 we present a polynomial time algorithm to
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Fig. 1. (a) A single source digraph; (b) an embedding of it on the plane.
Fig. 2. An upward embedding of a single source digraph on the round sphere.
determine whether a single source digraph with a given embedding on the plane has a similar upward embedding on
the sphere. We present the proof of the results in Section 4.
2. Spherical digraph
In this section we summarize a characterization of spherical digraphs based on [5]. The pattern of incoming edges
and outgoing edges incident upon vertices are important for describing spherical digraphs.We ﬁrst introduce the notion
of critical vertices in a given embedding of a digraph on the plane. Then based on these notions a characterization of
spherical digraphs will be presented.
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2.1. Critical vertices in digraphs
Suppose that a digraph D is embedded (not necessarily upward) without crossing edges on a closed compact surface
S. Assume, moreover, that the embedding is cellular, that is, it partitions the surface into simply connected (null-
homotopic) faces F , bounded by edges E, connecting its vertices V . Accordingly,
|V | − |E| + |F | = (S),
where (S) is the Euler characteristic of the surface S. For each vertex v of D, we partition the directed edges incident
upon v into intervals so that in each interval with respect to a ﬁx rotation on a neighborhood about v (which contains
no other vertices), all consecutive edges are incoming edges, or all consecutive edges are outgoing edges. Let
I := the number of pairs of intervals of incoming and outgoing edges.
We deﬁne the alternation of v as
alternation(v) := I ,
then the index of v is deﬁned as
index(v) := 1 − I .
If index(v)< 0 then v is called a saddle vertex. If index(v)= 0 then v is called an ordinary vertex. If index(v)= 1 then
v is called an extremal or switch vertex. A switch vertex v is called a source if all edges incident upon v are outgoing
edges, and v is called a sink if all edges incident upon v are incoming edges.
An embedding of D on the plane is called candidate if it has no saddle vertex.
To compute the index of a face, we consider its local sinks. Thus, let b(f ) denote the subdigraph of D induced by
the edges on the boundary of face f . We call a vertex on the boundary of f a local sink (local source) if v is a sink
(source) in b(f ). The face f is called ordinary if it has only one local sink, else it is called nonordinary and in any
case, set
index(f ) = 1 − nf ,
where nf denotes the number of local sinks (equally number of local sources) of face f .
Now, a discrete analog of the Poincaré Index Theorem can be obtained for this embedding as follows.
Theorem 1 (Glass [4]). For any directed graph embedded on a compact surface S
∑
v∈V
index(v) +
∑
C∈F
index(C) = (S). (2.1)
2.2. Characterization
A similar embedding of an embedded graph on a surface is an embedding which preserves the face structure.
An acyclic triangulation of an embedded digraph is a triangulation of all faces with directed edges so that it contains
no directed cycle.
Now, we have the following characterization of spherical digraphs in terms of critical points.
Theorem 2 (Hashemi [5]). Fix an embedding  of an acyclic directed graph on the plane. The digraph has a similar
upward embedding on the sphere if and only if it has an acyclic triangulation with no saddle vertex.
3. Sphericity testing for single source digraphs
Although, Theorem 2 gives a necessary and sufﬁcient conditions for a given digraph with a ﬁx embedding, to have
a similar upward embedding on the sphere, it is not easy to check this condition algorithmically. In this section we
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provide a new characterization of embedded single source digraphs, which have similar upward embeddings on the
sphere. This characterization can be used for presenting an efﬁcient algorithm to determine whether an embedded single
source digraph has a similar upward embedding on the sphere. Suppose D be an acyclic single source digraph with a
given candidate embedding . Let T (D) be the set of sinks of D, and F() be the set of faces of . Obviously T (D)
is not empty. A sink-assignmentA is a mapping
A: T (D) −→ F(),
so that
A−1(f ) ⊆ V (b(f )).
We say thatA assigns v to f if v ∈A−1(f ).
It follows immediately from Theorem 1 that the number of sinks of D is
|T (D)| =
∑
f∈F()
(nf − 1) + 1.
Theorem 3. Let D be an acyclic single source digraph with a given candidate embedding  on the plane, and F()
be the set of faces of . D has a similar upward embedding on the sphere if and only if there exists a sink-assignment
A associated with  so thatA assigns nh sinks to exactly one face h of F(), and nf − 1 sinks to each other face f
of F().
Example 1. An embedding of the given digraph in Fig. 1(a) which is depicted in Fig. 1(b) is candidate. Consider the
sink-assignmentA asA(v1) = f1. It is easy to verify thatA satisﬁes the conditions of Theorem 3. Thus, as shown in
Fig. 2, this digraph with this embedding has a similar upward embedding on the sphere.
Example 2. Consider the candidate embedding of a single source digraph shown in Fig. 3. For each sink-assignment
A we have |A−1(f )| = 0, while nf − 1 = 0. It means thatA does not satisfy the conditions of Theorem 3. Thus this
digraph has no similar upward embedding on the sphere.
To test whether an embedded single source digraph has a similar upward embedding on the sphere we can use the
ﬂow network given in [2], where the capacity of each arc (f, t) is set to nf − 1. In this case it is sufﬁcient to search a
feasible ﬂow of value |T (D)| − 1 in this network [1]. By this fact and according to Whitney’s theorem [9], we have
the following theorem:
Theorem 4. Given a three connected single source digraph D, we can decide whether it is spherical in O(n + r2)
time, where n and r are the number of the vertices and the number sinks of D, respectively.
4. Proof of Theorem 3
Proof. Let  be an embedding of a single source digraph D on the plane. Let f be a nonordinary face of , without
loss of generality, we assume that b(f ) has no directed path of length more than one, otherwise we add all chordal
edges (u,w) if u → v → w for some v be a directed path of length two, recursively. Note that, adding such edges do
not change the alternation around the vertices.
Proof of the necessity: Suppose that D is spherical and ¯ is an upward embedding of D on the round sphere.Assume
that  is a similar embedding of ¯ on the plane obtained, for instance, from ¯ by the stereographic map. In order to
prove the necessity condition we need to prove the following lemma.
Lemma 1. Let f be an arbitrary face of , if f can be triangulated without creating any dicycles and saddle vertices
in the whole digraph, then there exist at least nf − 1 sinks on the boundary of f which they are transformed to internal
vertices after the triangulation process.
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Fig. 3. An embedded single source digraph which has no similar upward embedding on the sphere.
Proof. Suppose that f has an acyclic triangulation without any saddle vertices. Let D′ be the digraph obtained from
this triangulation of face f and ′ be the corresponding embedding of D′. Thus
∑
v∈V (D′)
index(v) +
∑
h∈F(′)
index(h) =
∑
v∈V (D)
index(v) +
∑
h∈F()
index(h).
Note that all generated triangles inside the face f are ordinary faces with zero indices. It is clear that after triangulation
of face f , the indices of all faces of F()\{f } remain unchanged. Thus we have
∑
v∈V (D′)
index(v) =
∑
v∈V (D)
index(v) − (nf − 1). (4.2)
Note that in the triangulation process only the index of some vertices on the boundary off are decreased. By assumption,
the triangulation of face f does not create any saddle vertices. Therefore the index of internal vertices cannot be
decreased. If the index of the single source node decrease then D′ contains a dicycle, which is a contradiction with our
assumption. Thus only the index of some sinks on the boundary of f are decreased. Therefore, according to Eq. (4.2)
we conclude that nf − 1 sinks on the boundary of f are transformed into internal vertices. 
Now according to Theorem 2 we have an acyclic triangulation without any saddle vertices of . Using the above
lemma,
∑
f∈F()(nf − 1) sinks are transformed into internal vertices. The index of exactly one sink, say u, remains
unchanged.
Now we present the sink-assignmentA associated with as follows. For each sink x ∈ T (D)\{u} if x is transformed
into internal vertex after triangulation of face f then we assign x to f , in other words,A(x)= f . We assign the vertex
u to one of the faces h, arbitrarily, if u ∈ b(h). It is easy to check that A is a sink-assignment, which satisﬁes the
conditions of Theorem 3. It completes the proof of the necessity part.
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Fig. 4. Triangulation of a face.
Proof of the sufﬁciency: Let  be an embedding of an acyclic single source digraph D on the plane. Let T (D) and
F() be the sets of sinks and faces of , respectively. Suppose that there is a sink-assignmentA: T (D) −→ F(),
which satisﬁes condition of Theorem 3. In order to prove the sufﬁciency condition we use the following lemma, which
is part of Lemma 3 of [3].
Lemma 2. Let be an embedding of an acyclic single source digraphD. If two local sinks of the same face are jointed
then no dicycle will be generated.
Note that all chordal edges are already drawn so that all ordinary faces are triangles. Now, we claim that for each
natural number k, every face f with nf = k in each candidate embedding  of every single source digraph with a
sink-assignment A, which satisﬁes conditions of Theorem 3, has a triangulation which does not create any saddle
vertices and dicycles. To this end, we apply induction on nf . If nf = 1 then f is an ordinary face, thus by our
assumption, f is already a triangle so nothing remains to prove. Suppose that each face f with nf = k (k1) in every
candidate embedding  of each single source digraph with a sink-assignmentA, satisﬁes conditions of Theorem 3,
has a triangulation without any dicycles and saddle vertices. Now we show that if f is a face with nf = k + 1 in a
candidate embedding  of a single source digraph D with a sink-assignmentA which satisﬁes |A−1(f )|k, there is
a triangulation of f which does not create any dicycles and saddle vertices. Since k1, there is a vertex t1 ∈ T (D) on
the boundary of f . Let t2 be the ﬁrst local sink of f which is met by moving along f counterclockwise from t1, and w
be the vertex of f which is adjacent to t1 when we move along f clockwise. We add the arcs (t1, t2) and (w, t2) (which
is a chordal edge) in face f , as illustrated in Fig. 4. According to Lemma 2 by adding (t1, t2) and (w, t2) no dicycle
will be created. Thus, the new embedding is acyclic. Also, the alternation of t2 and w are not changed in this step. The
alternation of t1 increases one unit and it is transformed into an internal vertex, thus the new embedding is candidate.
By adding these two arcs, f is divided into three faces f1, f2, and f3 in which f1 and f2 are triangles, refer to Fig.
4. Now for the face f3 we have nf3 = nf − 1 = k and there are at least k − 1 sinks on its boundary which have not
been assigned to faces in F()\{f }. Now, we modifyA by replacing f by f3, and assign all sinks on the boundary of
f3, which have not been assigned to other faces to f3. ThenA is a sink-assignment for the new candidate embedding,
which satisﬁes condition of Theorem 3.According to the induction hypothesis, f3 can be triangulated without creating
any saddle vertices and dicycles. Therefore f has a triangulation without any dicycles and saddle vertices.
Accordingly has an acyclic triangulation without any saddle vertices. Thus, by Theorem 2, D has a similar upward
embedding on the sphere. This completes the proof. 
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